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Abstract— In the dynamic average consensus problem, agents
in a communication network use information from their imme-
diate neighbors to track the average of the group’s time-varying
inputs. Estimators based on the internal model principle solve
this decentralized averaging problem with zero steady-state
tracking error while providing robustness to network topology
changes, agent failures, and communication faults. We develop a
systematic process for designing these estimators. By formulat-
ing estimator synthesis as a robust control problem, we decouple
the design process from specific networks. This formulation
allows us to use an existing robust pole placement method to
design estimators that meet performance specifications for a set
of networks.

I. INTRODUCTION

The average consensus problem, where agents in a net-
work use local communication to track the mean of their
individual inputs, applies to several distributed tasks, in-
cluding sensor fusion [1]-[4], formation control [5], and
map merging [6]. Non-robust dynamic average consensus
estimators solve this problem for time-varying inputs, but
only when initialized correctly [7]-[9]. This lack of robust-
ness to initialization becomes problematic under network
topology changes, the addition or removal of agents, and
communication faults because these events introduce nonzero
initial conditions into the estimator dynamics.

Robust dynamic average consensus estimators, unlike their
non-robust counterparts, converge correctly regardless of
the initial conditions [10]. One such estimator, based on
the internal model principle [11], achieves robust dynamic
average consensus by incorporating a linear time-invariant
(LTT) model of its inputs into its dynamics [12]. In addi-
tion to its robustness, this internal model estimator’s mem-
ory, computation, and communication requirements remain
constant regardless of the number of agents. Additionally,
implementing the estimator is relatively simple: each agent
executes state equations and communicates using a one-hop
protocol. The robustness, scalability, and simplicity of the
internal model estimator make it a promising method for
averaging time-varying inputs in a decentralized manner.

Designing an internal model estimator requires choosing
two transfer functions that, together with the network, deter-
mine the estimator’s performance. One method for choosing
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these transfer functions is given in [12]. This process uses
root locus techniques and is not automated. To improve upon
this manual approach, we introduce a separation principle
that decouples the performance of the estimator from specific
networks. This new formulation distills the network into
a single uncertain parameter, allowing us to apply robust
control theory [13] to the design problem. Specifically, we
use the robust pole placement method of [14] to partially
automate estimator synthesis and guarantee performance over
a range of networks.

This paper proceeds as follows. In Section II we define
the dynamic average consensus problem and the internal
model estimator. We formulate the design problem, review
the robust pole placement technique of [14], and explain
the systematic design process in Section III. The examples
and simulations of Section IV demonstrate the usefulness of
this process by comparing the systematically and manually
designed estimators. Section V discusses conclusions and
future work.

A. Notation

The symbol % is s or z. A transfer function’s poles are
poles(-). The column vector 1 has N entries, all equal to
one. The degree of a polynomial or a graph vertex is deg(-).
Graphs are undirected. A diagonal matrix diag(z1,...,z,)
has the elements x1, ..., x, along its diagonal.

II. PROBLEM FORMULATION
A. Dynamic Average Consensus

Consider a group of N agents communicating over a
network modeled by an undirected graph whose vertices
represent agents and whose edges represent communication
links. If agents ¢ and j communicate directly, the edge
between them has weight a;; = aj;; > 0 and they are
neighbors. Otherwise, a;; = aj; = 0.

Every graph has an associated weighted Laplacian matrix
L € RV*N with entries

N .
A5, 1=
[L];; & J; ! ! e9)
—a;j;, otherwise

The Laplacian matrix is symmetric and positive semidefinite,
with eigenvalues 0 = A1 < Ay < --+ < Ay. Our analysis
assumes that the communication graph always remains con-
nected, which implies that the algebraic connectivity of the
graph Ao will always be greater than zero. We omit the time
dependence of L, however it may switch at discrete points.



Every agent has three local scalars: a time-varying input
¢i(t), a global average estimate v;(t), and an auxiliary
output 7;(¢). The agents transmit v;(¢) and 7;(t) to their
neighbors. The vectors ¢(t), v(t), and n(t) contain N entries
corresponding to each agent’s ¢;(t), v;(¢), and n;(t) values.

To evaluate the performance of the group, we define the
global tracking error as

elt) 2 o(t) ~ 1 1n150(0). @

Estimators achieve robust dynamic average consensus when
they, regardless of initialization, converge with zero steady-
state tracking error: lim; ,.|e(t)] = 0. Internal model
estimators, discussed in the next section, have this property:
therefore, a change in the network will cause a transient error
response that exponentially decays to zero.

B. Internal Model Estimator

For reference, we describe the internal model estimator,
as presented in [12]. This robust dynamic average consensus
estimator allows a group of agents, communicating over a
network with Laplacian L, to track the average of their
individual time-varying inputs ¢;(x) with zero steady-state
error, even when initialized incorrectly.

The internal model estimator generalizes the more com-
mon proportional-integral (PI) estimator, used and discussed
in [1], [2], [4]-[6], [10], [15]. The PI estimator is a robust
average consensus estimator for constant inputs; that is inputs
of the form ¢;(s) = < in continuous time or ¢;(z) = ;%5
in discrete time. The internal model estimator works on a
more general class of inputs, modeled by

ci(x)
d(x)’

Pi(x) = 3
where ¢;(%) is a numerator polynomial that can be differ-
ent for each agent and d(*) is the input model, a monic
polynomial common to all agents. Such a model captures a
wide range of signals including sinusoids SQj:wz, ramps %,
exponential growth —“i, and linear combinations thereof.
Additionally, when using the estimator for decentralized
Kalman filtering, the model needed by the Kalman filter
directly provides d(*) [16].

When implementing the internal model estimator consen-
sus protocol, just as with the PI estimator, the agents compute
their estimate v;(x) and auxiliary output 7);(*) according to

vi(*) = h(x)(i(x) = kp(0)[Lliv(x) — [Llin(x)) &)
ni(*) = g(x)[L]iv (%), ()

where [L]; is the i-th row of the Laplacian matrix, and h(x*),
g(x), and k,(*) are transfer functions the designer chooses.
In the continuous time PI estimator, h(s) = =, g(s) = 7,
and ky(x) = kp, where -y is the rate at which new information
replaces old information and k), is a proportional gain.

Fig. 1 depicts the system when every agent implements

equations(4) and (5). The resulting error dynamics are

e(x) = P(*)o(x), (6)

Fig. 1. Block diagram of the global error dynamics. The N x N identity
matrix is I and is included to emphasize that every agent implements
h(x), g(*), and kp(*).

where the input-to-error transfer function P(x) is

P(x) = (I +h(*)g(*)L* + ky(x)h(*)L) " h(x) — %1N1%.
)
Equations(4) and (5) contain quantities that the designer
must choose: the transfer functions kj(x), h(*), and g(x).
To simplify synthesis we set k,(%) to zero, reducing com-
plication at the expense of potentially limiting performance.
To implement the estimator using one-hop communication,
both A(*) and g(*) must be strictly proper. Otherwise, the
current output of h(*) or g(x) will depend directly on
the current input: since components of these inputs and
outputs must be communicated, a two-hop protocol would
be required. Another requirement comes from the internal
model principle [11], which imposes structural requirements
on h(x) and g(x). We use these requirements to partition
h(%) and g(x) into two parts: the internal model d() and the
controllers k,(x) and & (x). Given these transfer functions,
h(x) takes the form of the unity feedback system
kn (%)
hix) = — ®)

- kp (%)’
L+ %

whereas g(x) is the series interconnection

9(x) = Ifig((:))~

With the internal model d(*) given, the designer must choose
the controllers k() and kj (x) to specify the estimator.

The final condition on h(x) and g(x) relates to the sta-
bility of the input-to-error transfer function P(x). To ensure
internal stability, the numerator of h(*) and the denominator
of g(x) must have no common unstable roots. Addition-
ally, P(x) must be stable. The following theorem, adapted
from [12], relates the stability of P(x) to the aforementioned
conditions and the eigenvalues of the Laplacian.

Theorem 1: Assume that h(x) and g(*) are strictly proper,
k(%) is zero, h(x) is stable, and the numerator of h(x)
and the denominator of g(x) have no common unstable
roots. Additionally, assume that the input ¢(x) and transfer
functions h(x) and g(x) follow equations (3), (8), and (9)
respectively. Then, when implemented with a one-hop pro-
tocol over a connected communication network, the internal

€))



model estimator will track the average of the agents’ inputs
with zero steady-state error if and only if

T() = : h(*) i

+ ()N
is stable for s =2... N.

Proof: See [12] for proof. |
If the conditions for Theorem 1 hold, the internal model
estimator will converge with zero steady-state tracking er-
ror, regardless of the estimator’s initial state. Events that
cause incorrect state initializations such as network topology
changes, dropped communication packets, agent failures, and
agent additions will result in a transient response that decays
to zero. Although useful for analysis, this theorem does not
address the synthesis problem, which we discuss in the next
section.

(10)

III. THE DESIGN METHOD
A. Separation Principle

Every stable internal model estimator consists of transfer
functions h(x) and g(x) that satisfy Theorem 1. Note that
condition (10) depends on the communication topology
because it must be satisfied for all nonzero Laplacian eigen-
values. Not only does this condition depend on a specific
network, but it effectively corresponds to N — 1 design con-
straints if the Laplacian has N — 1 unique eigenvalues. This
dependence on the network complicates estimator design
because the Laplacian may be unknown. Without knowledge
of the Laplacian, an engineer must choose h(x) and g(*) with
particular attention to the gain margin to obtain an estimator
that remains stable over a range of eigenvalues. Gain mar-
gin techniques, however, do not account for performance;
therefore, we introduce a separation principle that relates the
poles of the multi-input multi-output (MIMO) input-to-error
transfer function P(x) to the poles of a single-input single
output (SISO) separated system 7'(x).

Proposition 1: The poles of P(x), with k, (%) = 0, are the
poles of h(x) and the poles of T'() for A;, i =2,..., N.

Proof: As in [12], Equation (7) can be written as

P(*) = QT (hgk) P?*)) Q - i11\71%7 (11)

N
where @ is orthonormal, L = QT diag(\y, ..., \n)Q, and
5_ h(*) h(x)
P=d o .
8 (1 RCUCE A R OO Y
(12)
The result is true by inspection. [ ]

Proposition 1 means that if the poles of h(x) and T'(x)
lie in a given region for all possible nonzero Laplacian
eigenvalues \;, the poles of the error transfer function P(x)
will also be in that region. Therefore, we can apply robust
control techniques to ensure that the poles of T'(x) lie in a
region D for all Ay < Aj < Apax, allowing us to design
estimators that meet a pole placement constraint without
specific knowledge of the network or the number of agents.

Even when the Laplacian’s eigenvalues are unknown,
bounds on these eigenvalues are reasonably attainable. The

lower bound A, corresponds to a bound on how well
the network is connected because this bounds A5, the
graph’s algebraic connectivity [17]. Likewise, the upper
bound Apa.x can be determined from the communication
weighting scheme.

Two weighting methods that have been used with PI
estimators and that seem appropriate for internal model
estimators are constant weighting and inverse sum degree
weighting [12]. With constant weighting every edge has the
same weight. If the weights are set to N1, where N is an
upper bound for the number of agents, A\.x < 1 [1]. With
inverse sum degree weighting, the weights are chosen such
that a;; = (deg(i) +deg(j)) ™!, ensuring that Apax < 1 [1].

Implementing this scheme requires neighboring agents to
exchange their degrees.

B. Robust Control Formulation

The relationship between the poles of the separated system
T (%) and the poles of the error transfer function P(%), as
established by Proposition 1, hinges on the eigenvalues of the
Laplacian. In particular, every nonzero Laplacian eigenvalue
A; corresponds to a specific separated system 7T'(x) with
A = A;: the poles of P(x) must be the poles of one of
these systems or the poles of h(*). Rather than handling
each of these separated systems individually for a specified
Laplacian, we assume that we know only a range of possible
eigenvalues, Apin < A; < Apax for ¢ = 2...N. Using
robust control theory, we can design controllers that meet
specifications for any A within the range.

To apply robust control theory, we put the system into the
standard robust control form of Fig. 2 by partitioning it into
three parts: the uncertainty A, the generalized plant G(x),
and the controller K (x). To simplify synthesis, we set A = 4,
where ¢ € C is a normalized uncertainty, with |§] < 1. We
treat § as complex because the pole placement method we
use assumes complex uncertainty; however, this assumption
is conservative because the Laplacian’s eigenvalues are real.
The uncertain Laplacian eigenvalues enter the separated
system equation (10) as a quadratic term; therefore we treat
A2 as the uncertain parameter. The following definition maps
the normalized uncertainty § to the actual uncertainty \2:

A
N &g, + 004, (13)
22 A2 A2 a2 . .
where o, = 7“‘“"; minand og = “mexgmin With this

mapping, as & goes from —1 to 1, A goes from Ay, to

>\max-

We also partition kj (x) into k,(x) and g(x) such that
k;_;(*) = ky(*)q(x),

which allows us to include a fixed ¢(x) in the generalized
plant while designing k4 (%) as part of the controller.

Fig. 3 shows the block diagram of the separated system
T'(x) with the uncertainty J. To isolate this uncertainty, we
define the output ys(*) and input us(*) such that

Us (*) = 5y5 (*) .

(14)

15)
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Fig. 2.

Control system in standard robust control form.
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Fig. 3. Block diagram of T'(*).

In this way, ys(x) is an output from the plant and input to
the uncertain parameter and us(%) is an input to the plant
and output from the uncertain parameter.

We must also separate the controller from the plant.
With A(x), g(x), and kj(x) in the form of equations(8),
(9) and (14), the controller K (%) consists of kj(*) and
k4 (x). Incorporating both kj, () and kg4 (x) into the controller,
however, complicates the design process because K (x) will
be diagonal, which requires certain control channels to be
zero. To avoid this complication, we design kj (%) prior to
robust controller synthesis. Thus, h(x) is part of the plant,
so the controller is k4 (*). We choose to fix &y, (x) rather than
k4(x) because the poles of h(x) are always poles of P(x).

To separate the controller from the plant, we employ the
same method that we used to isolate the uncertainty. We
define the plant output y,(*) and plant input u,(x) such that

ug (%) = kg (%)yy(%). (16)

Thus, the controller K () is kg (*).

The plant maps the uncertainty, external, and control
inputs (us(x), w(x), ug(*)) into the corresponding outputs
(ys(x), 2(%), yg(*x)) according to

Ys (%) Ug (%)
z(x) | =GH) [ wx) |, (17)
Yg (%) ug(*)
where

0 0 gd

Gx) = —h(%) h(*) —ogh(x) (18)

_h(Ma(x)  h(®a(x)  _ gah(x)a(*)

d(¥) d(¥) d(¥)

From this robust control formulation, we can recover the
closed loop system T'(x) either by making appropriate al-
gebraic substitutions or by using linear fractional transfor-
mations [13]. We can also use robust control techniques

to design kg (*). In the next section, we discuss one such
technique, robust pole placement.

C. Robust Pole Placement

To control the internal model estimator’s error response,
we would like to choose h(x) and g(x) such that the poles
of the input-to-error transfer function P(%) lie in D, a region
of the complex plane. Rather than placing the poles of P(x)
directly, which requires knowledge of the Laplacian, we will
ensure that the poles of the separated system 7'(x) lie in D
for a specified range of Laplacian eigenvalues. The robust
pole placement algorithm of [14] allows us to accomplish
this task.

The algorithm requires the region D to be a linear matrix
inequality (LMI) region, defined by

{peC:Q+pW+pWT <0}, (19)

where Q = QT € RP*P and W € RP*P. The intersection of
LMI regions is an LMI region, and any convex region that is
symmetric with respect to the real axis can be approximated
by an LMI region [14].

For our design problem in the continuous time case, we
specify D as the intersection of a half plane, a conic sector,
and a disc, which approximately restricts the maximum and
minimum natural frequency and damping ratio of the poles.
The parameters for these regions are given by

Q1 = 2Wmin,
(00 [ sin(9)
@ = (0 0) W= (— cos(6)

—Wmax 0 (0 1\
Q3 - ( 0 _Wmax) 5 W3 - (0 0) ;

with wpin and wpax being the minimum and maximum
natural frequency of the poles and 6 = arccos(£), where
¢ is the minimum damping ratio. For discrete time systems
we restrict the poles to lie in a disc centered at the origin.
We specify a performance constraint by adjusting the disc’s
radius.

Given the region D and a range of eigenvalues, we can use
the robust pole placement algorithm of [14]. The algorithm
involves solving an LMI feasibility problem, which can
be done using software such as CVX [18]. The resulting
controller k,(x) ensures that the poles of T'(x) remain in D
for |§] < 1; thus the poles of P(x) will remain in D for any
graph with A < Ag < Ay < Anax-

The algorithm is slightly conservative, so it may not find
a controller even when one exists. This conservativeness is
compounded because the algorithm’s guarantees apply to
complex § even though the eigenvalues of the symmetric
Laplacian are real. We can compensate for this conservative-
ness by specifying a restricted eigenvalue range because the
resulting estimator often performs well and remains stable
for graphs that violate the eigenvalue specification.

Wy =1 (20)

o)

and

(22)



D. Design Process

Although the robust pole placement algorithm returns a
result automatically, the inputs to this algorithm must be
carefully chosen. If the algorithm fails, the area of D can
be increased or the range of allowable A values decreased.
Additionally, choices for kj(x) and ¢(*) may be adjusted.

One useful heuristic for choosing kj(x) is to make
it a polynomial of degree deg(d(x) — 1) with minimum
phase roots. Using this rule produces a strictly proper h(x)
with minimal order and the maximum number of zeros.
A similar rule applies to g(*): making ¢(x) a polynomial
with deg(g()) = deg(d(x)) — 1 ensures that any kg (x)
returned by the pole placement algorithm will yield a strictly
proper g(x). Conveniently, choosing g(x) equal to k(%) or
choosing it to cancel some poles of h(*) both seem to work
well. Although the exact location of these zeros appears
not to matter, our experience indicates that their presence
makes pole placement more likely to succeed. Using these
heuristics, the design process consists of the following steps:

1) Select the LMI region D. In continuous time this
region is based on the natural frequency constraints
Wmins Wmax> and the damping constraint £, while in
discrete time it is a disc with radius r < 1.

2) Select bounds on the Laplacian’s eigenvalues A;, and
Amax- Any controller returned by the pole placement
algorithm is guaranteed to place the poles of T'(x) in
D for any A in this range.

3) Using a root locus diagram, choose kj(*) such that
poles(h(x)) € D and h(x) has a relative degree of
one.

4) Choose g(x), perhaps by setting it to &y, (x) or to cancel
some poles of h(x).

5) Use the pole placement algorithm to find kg (x).

6) If the pole placement algorithm succeeds, tighten the
constraints and iterate to meet stricter specifications
on a wider range of graphs. If the pole placement
algorithm fails, iterate using relaxed constraints or
different kp(x) and g(x).

IV. EXAMPLES

This section compares the settling times of manual and
systematic estimator designs. We use root locus techniques
and the procedure of [12] for the manual designs. In both
examples Apin, = 0.7 and Ay ax = 0.9. Typically, Ay, repre-
sents a minimum connectivity and Ay ,x can be determined
from the weighting scheme. Although the examples use a
narrow eigenvalue range, the actual robustness interval is
wider due to the conservativeness of the pole placement
method. We simulate the estimator over several graphs.
The first seven graphs are 20 node Erdds-Rényi graphs
with various link formation probabilities. These graphs use
inverse sum degree weighting. The eighth graph is a 20 node
geometric random graph with constant weights.

A. Continuous Sinusoid

In this example, we assume that the inputs are modeled by
d(s) = s + 1: sinusoids with unit frequency and different

phases and magnitudes. Table I provides the parameters for
the manual and systematic designs. For comparison purposes,
both designs use the same h(s) and a similar ¢(s). To avoid
having slow, lightly damped poles we specify limits on the
minimum natural frequency, wpni, = 5.5, and the damping
ratio, £ = 0.1. To achieve a fair comparison, we set Wy ax =
22 and enforce this constraint in both designs.

Manual Systematic
d(s) s24+1 5241
kn(s) 355 + 297.5 355 + 297.5
q(s) 14(s + 14.72) s+ 14.72
& 1 14(5+15.0)(s+4.0) (s> +355+316)
a() (518.5)(s.+14.7) (521 38.65+400)
Stable A (0, 00) (0, 00)
Robust A 0 (0.67,0.94)

TABLE I
CONTINUOUS TIME DESIGNS. VALUES ARE ROUNDED.

Fig. 4 depicts the region D and the root loci of both
designs for 0 < A\ < 1. The poles of the manual controller
violate the performance constraint for all values of A\ while
the poles of the robust design meet the criteria for 0.67 <
A < 0.94. Both estimators have an infinite gain margin;
therefore they will be stable for any graph.

Im

25 e i
-20 -15 -10 5 0
Re
Fig. 4. Root loci for two internal model estimators, with 0.2 < A < 1.
The thick red locus is the manual design and the thin blue locus is the
robust pole placement design. The unshaded region is D.

To compare the performance of the estimators, we per-
formed simulations using unit frequency sinusoids with ran-
dom magnitude and phase as inputs. The simulation results,
depicted in Fig. 5, show similar settling times for both the
manual and systematic designs. Many of the tested graphs
have eigenvalues outside of the robustness range of the
systematic design, diminishing its performance advantage.
When the graph’s eigenvalues fit within the robustness range,
however, the systematic estimator offers a bigger perfor-
mance improvement.

B. Discrete Ramp

The only difference between designing continuous and
discrete time internal model estimators is the stability region.
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Fig. 5. Error settling time for the manual and systematic designs. The

continuous and discrete examples are normalized to the largest settling time
for their respective category.

In this example we choose the region D to be the disc
centered at the origin with a radius of 0.84, providing some
performance benefits and robust stability. We design an
estimator assuming that the inputs are ramp signals modeled
by d(z) = (2 — 1)2, and choose a sampling frequency of
1 kHz. Table II shows the parameters for the manual and
systematic designs. As in the continuous time example, we
use the same h(z) and similar ¢(z) in both designs, primarily
for comparison purposes. The exact choice of ¢(z), however,
tends to have an insignificant effect on the results. Both
estimators have a wide stability range, remaining stable for
any graph whose weighting scheme limits Ay ax to be less
than one.

Manual Systematic
d(s) (z—1)?° (z—1)?
kp(s) 2z —1 2z —1
q(s) 0.5z — 0.25 0.5z — 0.25
kq(s) 1 1.6(2—0.86) (2+0.14)(2+0.0074) (z—0.0081)
AN (2+0.88) (240.15) (22 —0.9992+0.25)
Stable A (0,1.2] (0,1.1]
Robust A | (0.92,1.04) (0.61,1.02)

TABLE I
DISCRETE TIME DESIGNS. VALUES ARE ROUNDED.

Fig. 5 depicts the settling time of the error over the
same graphs used in the continuous time example. The
results improve upon the continuous time case, with the
systematic design settling significantly faster than the manual
design. Additionally, the systematic design has a wider
robustness range than the manual design. This range exceeds
the specified values due to the pole placement algorithm’s
conservativeness.

V. CONCLUSION

We have formulated internal model estimator synthesis
as a robust control problem and developed a systematic

design process based on robust pole placement. By using
robust control theory, we were able to decouple estimator
design from specific network topologies. Within the current
LMI based robust pole placement framework, additional
performance criteria such as H., and Hy norm bounds can
be incorporated; this could help design estimators that handle
noisy signals.

Our current research involves simultaneously synthesizing
h(%), g(*), and k,(%). The addition of k,(x) can potentially
improve performance; however, it adds additional structure to
the uncertainty and the controller, making the pole placement
problem non-convex. We are, therefore, approaching the
problem with global optimization methods.
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